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ABSTRACT
Primariness of a Banach space is almost always obtained through the use of
the Pelczynski decomposition method. In this paper we show that it is
possible to directly construct UFDD’s in many cases from which the primari-
ness can be deduced. We give applications to /, and X,.

0. Introduction

A basic problem in Banach space theory is to determine which properties of
a Banach space are inherited by its complemented subspaces. Reflexivity is an
obvious example of a property which is inherited. On the other hand Szarek
[Sz] has shown that there is a complemented subspace of a space with a basis
which fails to have a basis. In this paper we show that complemented sub-
spaces of spaces with UFDD’s (unconditional finite dimensional decom-
positions) satisfying certain extra assumptions have a UFDD. The techniques
may have wide application, however finding an appropriate setting in which to
use the techniques seems to be difficult in some cases. We are however able to
do this in many cases where the Pelczynski decomposition method has been
used in the past and, in addition, to obtain a localization of a result of Johnson
and Odell [JO] on X,.

In Section | we recall some standard definitions, state our basic conditions
and prove the main result on constructing UFDD’s. The main methods of
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proof are the blocking techniques and gliding hump arguments as used by
various authors, e.g., [JO], [JZ]. The proof is rather technical so we have
provided a sketch of the argument. (After reading this sketch the reader can
proceed directly to the applications in Sections 2 and 3.) In order to apply our
result we need to extend the results of [JRZ] on constructing bases in
& ,-spaces to construct bases with additional properties. This is done in
Section 2. In Section 3 we apply the results to /, and X,,.

Our notation for the most part follows standard Banach space theory con-
ventions and unexplained items may be found in the books of Lindenstrauss
and Tzafriri [LT], [LT-I, II] or Diestel [D].

1. Complemented subspaces of spaces with a UFDD

We first define a property which is critical to the proof of our main result.

Suppose that X is a Banach space with an FDD, (E,)*-,, and foreach nlet R,
be the FDD projection onto [E, : k = n]. We will say that a class of bounded
linear operators € on X is disjointly summable with respect to (E,)?-, if there is
a constant D < oo such that given any increasing sequence of positive integers
k, <k, < --- and any sequence (7;)2, contained on 0, the operator

T = 2 (Rk, - Rk,_l)Tl(Rky - Rki—l)

isbounded with || T || =Dsup | T; .

Let us note that for the spaces /, and c,, ¢ may be taken to be all bounded
operators on the space with the usual unit vector basis. In the case of Tsirelson
space, O can also be taken to be all bounded operators, but one must choose
an appropriate blocking of the basis, [CS, Theorem III.5]. For X, considered as
a subspace of L, we can take the simultaneously L, and L, continuous
operators, [JOJ.

Also observe that although we have not required that the FDD be uncon-
ditional, for most useful classes @ this will follow immediately from the
definition.

We can now state our main theorem.

THEOREM 1.1. Suppose that Y is a Banach space with a shrinking UFDD
(Y)) and O is a class of operators on Y which are disjointly summable with
respect to (Y;). Suppose that P is a projection from Y onto a subspace X with a
shrinking FDD (X,) and that the FDD projections, when composed with P, are
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in 0. Then X is isomorphic to W, D W, where for each i, W, has a UFDD (Zy)
with each Z; isomorphic to a block of the FDD (X,,) and the UFDD projections
are perturbations of restrictions of UFDD projections in Y. Moreover, if there is
a constant K such that forany k, 1, X;, = [X, : | = n = k] has a K unconditional
basis with basis projections composed with the FDD projection onto X, in 0,
then X has an unconditional basis.

Before we begin the proof, we will outline the steps. Let (Q,) be the FDD
projections in X, i.e., @, T x; = x,, where x; € X; for each i and let (R,) be the
projections for the UFDD in Y. We will block the FDD in X so that the new
FDD, Z; =[X,: n €4,], i EN, sits nicely with respect to the UFDD for Y. By
this we mean that the blocks will be chosen to be so long that the supports of
the even blocks relative to the UFDD are essentially disjoint. Thus we will
automatically have a UFDD for the even blocks. Let I; be the essential support
of Z; so that for each i, I, N I;,, = & and 2, Rz = z for z € Z;. Define

s=% ¥ Q.IR.

i=1 n€dy JjEL

The disjoint summability condition will guarantee that .S is bounded, but the
key point is that if we make the blocks sufficiently long we will also get a UFDD
for the images of the odd blocks under 7 — S. Figures 1 and 2 illustrate the
idea. In Fig. 1 the supports of the original FDD subspaces are shown relative to

‘4 4 ot
1y % I S I
Tl T o b T gl
o — =

Fig. 1.
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the UFDD for Y and the supports of the blocking into a new FDD are shown.
Here Z,=X,+ X,+ X3, Z,=X,+ ---+ X;, and Z;=Xz+ --- + X);. In
Fig. 2 the supports of the images under I — S of the odd blocks are shown. The
I;’s mark the supports of these images.

ProorF. For any integers n <k let R, = ZF! R;and Q,, = =/ Q. Let
& { Osuch that T ¢ <e, where e will be determlned later. Let Cbe || P [| times
the FDD constant of (X,) and B be the (suppression) UFDD constant for (Y,,).
We will construct a blocking Z; = E,',"‘;‘,,i_l X,, i=1,2,... and increasing
sequences of integers (s;), (¢;), and (/;) satisfying

0) Sl Su<hi<s, (=lL=5=4=0)
and
M) R <&lx| forallx€[Z;:j=i—1]=[X,:n<n_],
@ NRyux| <&lix| forallx€[Z;:i +1=jl1=[X,:n,, S n),
(3) Il RyQrr, PY | <&l ¥l forally €[Y;:j =5,_4),
4) I RLCnPY I <&y forally€[Y;: t;,, =Jj],
&
() | x—R, x|l <ﬁ > forallxeZ,.

(In the outline given above 4, ={n:nm, =n<myand I, ={j: ; =j<s;}.)
Let us note that (5) implies

(6) | x =R, Qnn. PR, x| <&l x| forall x€Z,.

Indeed,
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X = Qpn. PR, X (X — Ry X <—
I x = Qnne PR X || = || Qnn, P nsX) | = ACH x|
and thus
" X - R’i,le"i:"i+lPR’ix5i'x " é " X = Rli,-‘lx " + “ R’i,S.' " “ X = Q’li,"iﬂPthSi‘x “
+ B—— x| <& x
s x| +BA x| <alx]

which is (6).

Roughly speaking [t;, s;) is the support of Z; and [/, _,, /;, ;) is the support of
the image of Z; under certain restriction-projection operators. We will first
prove the theorem assuming the above construction has been made and then
describe the inductive construction of the blocking and sequences.

Let #, =R, and 2, =Q,,,, fori=1,2,... . Consider the even blocks
(Z,;) and define an operator on Y by

T = 2 7‘, where 71 = '@2,‘-@2,’}).@2,'.

The series converges by the disjoint summability property and we will show
that T restricted to the span of the even blocks is an isomorphism.
If x,, € Z,, for each i then

m m
% Xy —T > Xy
=1

i=1

m © m o k-1
(N P [xy — Txy] Y 2 Tyxy DEDX T X
J=1 k=i j=k+1 k=1 j=1
= 2 & ll Xy |l + E Ty X Xy + Yl T 2 X
j=1 j=k+1 i=1 j=1

We will need to work a little to estimate the second and third terms. Note that
Sk %y, €[2Z;: j = 2k — 2] and so by (1)
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k—1
Ty 2 Xyj

j=1

A

k-1
I Rowsa N Coveimn P | R T 3,
p)

k—1
é B2CB “ RIM_W 2 ij (because 12k—l é tZk in (0))
j=1

< 2B*Cey _, <2B*C%y, _,

k-1
2 Xyj
j=1

2 Xaj
j=1
It follows that the third term in (7) is at most

m
2 X5 || -
j=1

2B°C* ¥ en-
k=

=1

Using (2) and observing that sy </y., in (0) and 27, x,€
[Z;: 2k + 2 = j], an analogous argument shows that

} Ty T Xy| =2B°Ceyyy Y x| S4B Clyyy || 2 Xy -
j=k+1 j=k+1 j=t1
Thus the second term in (7) is at most
4B*C* ¥ ey || 2 Xyl -
k=1 j=1
Combining the estimates we have proved that
“ (I — T) E X2j —§ [2C3 + 4BZC28 + 2BZC28] z X2j
j=1 Jj=1

=< 8B¥(C%

m
) Xaj
j=1

Therefore if 8B>C? < 1, Trestricted to W, = [Z,;: j €N], the span of the even
blocks, is an isomorphism onto TW,.

For technical reasons we will actually need to use a slight variant of 7. For
eachilet S, = 2,,P®,;and S = Z §;. Because

2N Ruxs — X2 | <X &y || X || /4BC,
I T—-S| =Xeu| 2P Ry || /4BC Z /2.

Thus S'is bounded and, if ¢ is small enough, S is an isomorphism from W, onto
W, and P =(S |W,)_1S is a projection onto W,. Clearly W, has a UFDD.
Now suppose that there is a constant K < oo and, for each j, P;is an operator
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on Z,, such that P,2,,PE(0 and || P;|| =K. Then Z Ry;P;2,;P Ry, is
bounded on Y and it follows that = P; 2,; is bounded on W,. Therefore if each
block Z); has an unconditional basis with projections which when composed
with 2,,P are in O then we get that the span of the even blocks has an
unconditional basis.

Next we need to consider the kernel of the projection P. We would be done if
the kernel were exactly the span of the odd blocks, but this is not necessarily
the case. We will show that the kernel is the closed span of the images of these
odd blocks and the images are essentially disjointly supported. First we
observe that

(8) (I — P)|g,,, is an isomorphism for each ;.
Indeed, because Z, Z, is an FDD there is a constant 4 such that
| x =250 )} ZA || X341 || forallxE[Z,:k #2j + 1] and x5, 41 € Zy; 4.

But range(P)C [Zy:kEN]IC[Z:k#2i+1], thus || — Py || =

A || x4
The main chore remaining is to show

CrLamM. There is a constant K, which does not depend on (g;) such that
N Rysuz ~ 2| SeyoiKillz|  forallz€( - P)Z,,..

Once this is proved we can immediately conclude that the kernel of P has a
UFDD.
The proof of the claim requires a number of estimates. First note that

N =Pl = x—(S|w)7Sx || = lx—Sx | + [ Sx—(S|w)~'Sx].

We will see below that (S | w,) ! is a perturbation of the identity on W,. Thus
we will concentrate on the first term and prove

CLamM’. There is a constant K, which does not depend on (¢;) such that
" Rlz/Jziuz -z " = 82}'—1K2 " z " for all z S S)ZZj+l'
First observe that if x €EZy; ., [; = 5,41 <841 = 42 and thus

) I X = Rpppynx | <2Beysr i x || /4CB

dy+2

by (5). Therefore we need to estimate || R, Sx | and || R,,,Sx ||. To do
this we will break Sx into three parts, namely,
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j—1 @©
Y Sx, Six+S,,x, and ¥ Spx.
k=1 k=j+2

Because Six = SiR,,,, X for k=) +2 and S x =S8R, x for k=j—1, it
follows from (1) and (2) that

(10) Y Six|| =&y D2C+e2) | x|
k=j+2

and

(1) ‘ =6(D2C+e2)| x| .

Also from (5) we have that || x — R, X || <&; || x || /2C. Hence

13 +1,00

IR SiX | = I RupSiRy X | + | Rip S — Ry 0 X) |

341,00

é “ Rl‘hj anl wPR'II;ZlRtZHI ) "
+ " Rl,[zj an,-H cx)PR R

12,82 M aj 41,00

X[+ RS ey | x || 72€

< 821( “ Rlzi+|,52,’x " + " Q'lzj+1,°° Bj+1, Sz,x " ) + BZC£21+1 " X " /2C
(by (4) and (2))

<[&y(B + CB) + stzj+l/2] x| < 3B2C82j x|l -

Because Ry, Sx € Zy, for k > j, it follows from (2) and the fact that the S;’s
are close to the T;’s that

§‘ Sk.x

k=j+1

(12) ”R.,,,j 5 S

k=j+1

f =&,2CD +&/2) | x|

Combining (11) and (12) with the estimate on R, , S;x we get that

(13) ”Rntz, Y Sex

1 <4(B + D)BCe, || x |

Again from (5) we have that || x — R, x || <&, || x || /2C. Hence
I RS2 |
S [ RyneoSj+ 1 Ry X | + I Ry 0 Sl — Ry, ) |l
= 1 RiysoQumy o PRy sy Ry X |l
+ W Ry Qrnyu PRy sy r Riy o X |+ | Ry | 31 | x || 12C
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x |)+ B*Ceyyy || x || 12C
(by (3) and (1))

<ég4o || R Xl + Il Qun,.PR

B+ 2,55 +1 hj+25%5+1

<[&y+2B + CB)+ B, \/2] || x || <3B*Cey4\ || x| -
Because Sx € Z,, for k <j + 1, it follows from (1) that

(14)

J
RI;,-n,oo E Skx { <(2DC+8/2)82j+2 "x " .
k=1

Combining (10) and (14) with the estimate for || R, ,,S;,,x | we get that

(15)

Ry 3 Six ' <4D + B)BCey,. || x |-
k=1

Claim’ follows from (9), (13), and (15). To get the Claim we must estimate
| Sx — Px | . Because SxeW,, Sx — Px =22, —8)"(S — S¥x. There-
fore it is enough to estimate || (S —S?)x | :

| Sx —S%x ||

S-S | X Sux

n#j,j+1

+ 2 Sn(Sj+Sj+l)x

n#j,j+1

F+ 16+ S 0x — (S + 800 ||
= | 1—-S14DCey; || x |

] 2 s

n>j+1
+Sx =Stx | + [ Sx = Sfeix | + 1 5S0x | + 1S:8x |
(by (10) and (11) and by (1) and (2))

Z S,

n<j

&3t

eua| 165+, 0x

&t €y42 |

SEKe x| + B

[ x|

IS leallxl + 1Sl el x|

where K, is some constant which does not depend on j and the other estimates
follow from the proof of (6) and from (1) and (2). This establishes the Claim.

The Claim implies that W, = ker P = [(I — P)Z,,,, : j EN] is isomorphic to
Ry 1. — IS)ZZJ-+1 :jEN] which clearly has a UFDD. In particular note
that W, is an unconditional sum of isomorphs of the blocks Z; . ;, f EN. (Note
that we are not claiming that (I — P) is an isomorphism on [Zy+1:JEN])
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Finally we need to observe that 2y, |_syz,., is the inverse of (I — P) |, ...
Thus if for each j, P; is a bounded operator on Z,,, and P;2,,,PEO,
22 Ry P2y PR, 4., 1s bounded on Y by the disjoint summability
condition. The Claim and (9) imply that M = Z2, P;2,,,, P is bounded from
W, into [Z, : jEN]. Therefore (I — P)M is bounded on W,. This immedia-
tely gives the unconditional basis for W, if each block has an unconditional
basis with projections in 0.

Now we will describe the inductive construction of the blocking and the
sequences of integers (), (s;), and (/;). Let n, =1 and let n, be any larger
integer. Clearly there is an integer s, such that (5) is satisfied for Z, =
[X,:n, = n <n,). Taking i = 2 and using the finite dimensionality of Z, and
[Y;:j <s] find /, satisfying (1) and (3) for any n;. Next we choose #,> 1/,
satisfying (4) for any n; and i = 2 by using the shrinking property of the FDD’s.
Finally choose n; such that for all x €[X,: n = n], | R,,x || <&/8BC. This
completes the first cycle of the construction.

Suppose we have chosen n;, 5;_,, /;_,, and ¢ satisfying (0)-(5) for j < k and
| Ri,x || <g/8BC,j=k —1,k.Finds,_,> [ _, satisfying (5)fori =k — 1.
Next choose /, > max(t,, s, _,) satisfying (1) and (3) for any 7, ., by using the
finite dimensionality of [Y;: j = 5, _,]. Using the shrinking assumption choose
b +1 = max(s, _,, /) satisfying (4). To complete the inductive step choose n,
satisfying

€
| Ry, X || <2
8BC

forxe[X,:nz=zn. ]

This shows that the required blocking and sequences satisfying (0)-(5) can
be found and completes the proof of the theorem. Q.E.D.

2. Constructing bases in complemented subspaces of X,

In this section we will modify the idea presented in [JRZ] to construct
special bases in complemented subspaces of X,. In order to state precisely
our results we need to introduce some special notation. Throughout this
section w = (w,) will be a decreasing sequence of positive real numbers and
2< p <.

For each n, kEN let X)% = {(a;;): 1 2i=n, 1 £j =k} =R" with the
norm

" (ai,j) "n,k,w = max{ ' (ai,j) lp’ ' (ai,j)lz,w}

where
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172

1/p
[(a; )], = (2 |a;; |p) and I(ai,j)|2,w = <Z > |a;; |2Wi2>
ij i

The Rosenthal space X, is X where w; | 0 and = w?”?~? = « and as usual
we will write X, , for X=)'. If (X;) is a sequence of spaces such that for each i,
| - l; =max{|-|,,|-}>,}, where |-|; ,and |- |;, are norms on X;, we define
the formal p, 2-sum (Z@ X)), , as the completion of the space of sequences
(x,), x; € X, for each i and x; # O for only finitely many i, with

' 1p 172
1) o= max{ (3 x,) " (S 1) -

Note that (22, D X, ;’f ),21s isomorphic to the Rosenthal space X, if and only if

n; goes to oo, w; 10, and £2, Z/1, k,w???=? = o, [R].

It will be necessary to work with both the p-norm and 2-norm on X,,. In order
to make this a little easier we will introduce the notion of p, 2-bounded
operator. Suppose X, and X, are Banach spaces with norm | . |; =
max{| - |; ,,| - |2} fori =1, 2. We will say that an operator T from X, to X, 1s C
P, 2-bounded if C is a constant such that |Tx|, ,=C|x|,, and |Tx |, =
C|x|,, for all x€X,. We will write || T ||,, for the smallest such C. For
example, if X, and X, are subspaces of L,[0, 1] we can let the p-norm be the L,
norm and the 2-norm be the L,[0, 1] norm. Thus any operator from L,[0, 1] to
itself which is bounded on L,[0, 1] as well, and maps X, into X,, is p, 2-
bounded. We will, in particular, be interested in complemented subspaces of
X,. We will say that a subspace X of a space Y (with norm as above) is
D, 2-complemented if there is a p, 2-bounded idempotent operator on Y with
range equal to X.

Our interest in p, 2-bounded operators stems from the following obser-
vation which was employed in the proof that X, is primary [JO]. Suppose that
2< p <o and that X, , is isomorphically embedded in L, such that the L,
norm is equivalent to | - |, part of the X, , norm, i.e., if (x;) is equivalent to the
standard basis of X,,, || Zaux; l,~(Za?w?)". If (T}) is a sequence of
uniformly p, 2-bounded operators on [x;: i EN], (k;) is a strictly increasing
sequence of integers and x €[x;: i EN],

w
Rt TiRi g, X
=1 p

Sj+1

J

@© kj+l—l I/p LS kj-H—l 172
~max{(2 5 [(T,-Rk,.,k,.“x)(i)lﬂ) ,(2 S wf[(TjR,q,:c,+.x)(i)12) }

j=1 i=k j=1 i=k
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o i/p © ) 12
scima{( £ T 1Rx 1) " (£ 01T 1ol Resr 1)}
j=1 =

< Gsup || T, ||, max {( § MZ [x() )

j j=1 i=k

(2 (z o)) o}

(C, and C, are constants from the equivalence of the X,, and L, norms.)
Because p > 2,

(Ji (k”iltx(z)]z )" s ( ) [x(z)]zw) RSTTR

j=1 j=1 i=k

Thus || 2, Ry x, TR, «., | is bounded by a constant times sup; || T; ||, 2, i.€.,
such operators satisfy the disjoint summability condition.

In Section 3 we will use this observation to prove the following result.

THEOREM 2.1. Let w=(w,) be a decreasing sequence of positive real
numbers with limit O such that = w?*"?~2 = o. Suppose that X is a p, 2-
complemented subspace of X, ,,. Then the following are equivalent:

(i) There is a constant K such that for every n there exists a K p, 2-
complemented subspace X, of X which is K p, 2-isomorphic to X},

(ii) X is p, 2-isomorphic to X, ,,.

The proof will use the result from Section 1. Consequently we need to build
special UFDD’s in complemented subspaces of X,. In [JRZ] bases for &,
spaces were constructed and our argument mimics that argument in the form
presented in [LT, p. 203]. The basic difficulty is that we must carry out the
construction with two norms on the space. In the case of X, these norms will be
the L, and L, norms. Our first lemma is a multi-norm version of the principle
used to prove [LT, Proposition I1.5.10].

LeEMMA 2.2. Supposethat || « |1, || « ll2s-- -5 || - |« are norms on a space Z
(not necessarily closed under each) and for each i let Z; be the completion of Z
with respect to || - ||;. Let P, be a sequence of projections on Z such that

m,., || P,z—z||;=0forallz€Zandi = 1,2, ..., kandsuch that there are
constants C; , for which

Callzli=lzlh=CGallz
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Jor all zErange(P,) N Z, N Z,. Finally let F be a finite dimensional subspace of
Z and suppose that (Q,) is a sequence of uniformly bounded operators on
(Z, | - |l:) such that lim,,, ., || Q,x — x ||; = 0 for all x € F and each i. Then for
every € > 0 there exists an operator Q such that sup; || @, — Q ||; <& for some
m and Qx = x for all x €F. If Q,, is a projection, Q can also be chosen to be a
projection. Moreover range(Q) C range(Q,,) + F.
Proor. Let 4, and J, be positive numbers. Choose n such that
| P.x —x ||;<d,|| x||; for all xEF and i =1, 2,...,k, and choose / such
that ||Qx —x |, <& || x||; for all xEF and i=1,2,...,k. Observe
that P,(F) is complemented in range(P,) with a projection of norm at most
dim F-max; C},. Indeed, find a projection R from range(P,) onto P,(F) with
| R || =dim F. Then

Rz, =C, | Rz )W EC,pydim F |z ||, £C}, dim F || z |-
Thus P,(F) is complemented in Z with projection RP, and
\RP, |, =C} dimF||P, ||, fori=1,2,..., k.
Next we will show that Q,(F) is complemented in range(Q,). Note that
I Pox = Qux [l = | Pyx —x [+ 1 x — Qux [, <6 + &) | x |
and thusif x€F,
| RP,Ox — Qix |l;= | RP,.Qix —RP,x ||; + || Pax — Qix ||;
< RP, ||; | @x —x || + (1 + ) || x [l
<([| RP, [l:02+ 6, + ) | Qx [l:(1 — )"

Therefore if 4, and J, are small enough, RP, is an isomorphism from
Qi(F) onto P,(F) and P =(RP, IQ,(F))“‘RP,,Q, is a projection onto Q,(F).
Moreover,

1RPOx 1,2 11 @i ) [1 - O LRE L

1_62
0, +0)+C} dimF || P, |0
PN R R AT |
1_62
Thus
(6, +6)+C, dim F | P, |.6,]-" . .
LR e e e T LA AT
— Oz
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To complete the proof let
Q =(PQ |p)7'PQ + U — P)Q, = Qi+ (PQ; |5) ™' — DPQ,.

Then ||Q—Q|: = | (PO, | p) 1 =1] l o i | PQr |l;- Because we first
choose n, we can choose d, to make C?, || P, ||:9, as small as we like. Therefore
max || @ — @, ||; can be made less than ¢, as required. Direct computation of
Q? shows that Q is a projection if Q, is. Q.E.D.

LEMMA 2.3. Foreachl,n,andk €N, ¢ >0, and K < co there is an integer
N such that if X is an | dimensional subspace of X,, and Y CX,, is p, 2-
isomorphic to X}, with constant K and p, 2-complemented with constant K in
X,.., then there is a p,2-complemented subspace Z of Y which is p,2-
isomorphic to X% (with constants depending only on K and €) such that if Q is
the projection from X,,, onto Z then || Q | ¢ ||,.<e.

ProoF. Let (x;)!_, be a normalized basis for X and let P be the given
projection onto Y. Let (y¥) be the coordinate functionals for the standard X;¥
basis of Y. For any J > 0 and N sufficiently large for each i = n there are k
integers j(i, m), m=1,2,...,k such that |y¥;(Px,)| <d for 1 =s =/,
m=1,2,..., k. If J is sufficiently small, it follows that

n k
Y X v PX)Yijim| <€lX)

i=lm=1

for all x€ X and r = p or 2. Hence we may choose
Z=[yi,j(i,m): 1 §i§n, 1 ém ék]
and use the natural projection in Y. Q.E.D.

As stated Lemma 2.3 is without content in the cases for which X, , is
isomorphic to /, or /,®/, because in those cases X5 is not uniformly
D, 2-isomorphic to a subspace of X,,. Of course analogous results can be
proved for those cases.

LEMMA 2.4. Let F be a finite dimensional subspace of X,, and &> 0.
Suppose that Q is a finite rank p, 2-continuous projection on X,,, such that
N Of — flp2<6 |\ fllp2forall fEF. Thenifé <o(F, || Q ||, €) thereis a finite
rank p, 2-continuous projection Q, on X, ,, such that Q, f = f for all fE F and

1O —Qll,2<e.

Proor. Let (P,) be the basis projections for the standard basis of X, ,
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and suppose that there were no such 6(F, || Q ||, €). Then there would exist
6,10 and a uniformly bounded sequence (Q;) of projections such that
| Qif — fllo2<di || fl,2 for all fEF, for which the conclusion of the lemma
is false. This would contradict Lemma 2.2. Q.E.D.

We are now ready to prove our version of [LT, Proposition I1.5.9].

ProposITION 2.5. Suppose that X is a p, 2-complemented subspace of X, ,,
and X, is p, 2-isomorphic to a p, 2-complemented subspace X, of X for all n
with bounds independent of n. Then every finite dimensional subspace B of X is
contained in a finite dimensional subspace F of X which is p, 2-isomorphic to
X3 for some n and p, 2-complemented in X. Moreover the constants depend
only on the p,2-norm of the projections onto X and the X,’s and the p, 2-
distance of the X,’s to X, .

ProoF. Letd > 0. Let (P,) be the basis projections for X, ,, and choose n so
large that B is essentially contained within the range of P,. Find a projection P’
such that B C range(P’) and || P, — P’ ||,» <. Let Q be the projection onto X.
By Lemma 2.3 there is a p, 2-complemented subspace Z of X which is p, 2-
isomorphic to X}, and such that the projection R of X, onto Z satisfies

IR |angeior llo2 <0/n.

We need to perturb R so that RQP’ = 0. To do this let Q’ be a projection
onto range(QP’) with || Q’ ||, of order n = rank(P’). Then if 4 is small enough
Q”=(Q'(I —-R) |mge(gp,,)“Q’(I — R) is a projection onto range(QP’) such
that ker (Q”) D range(R). Therefore R(I — Q”) is a p, 2-bounded projection
onto Z with kernel containing range(Q”) = range(QP’). We will assume that R
is the perturbed operator.

Let 7 be the canonical isomorphism from range W = range(P’) onto Z and
observe that 7 is a p, 2 isomorphism. Define T from W into X by

T=Qlw+tU—PQ)|w.
Clearly T |, =1 |[pand | T l,2< | Q llpa+ N7 o0+ | Q ll,0)- fxEW
I T ll,2= 1| @x + t( = P'Q)x |,
2 (| R I;2 11— P'Q)x oo+ (1 + | R |, 7" | Qx |,2
21+ [ RIANT o2 | T = PO llpz+ (1+8) " || PO ||,.2)/2.

Thus T'is a p, 2-isomorphism on W which is the identity on B. Let F = T(W).
F is p, 2-isomorphic to X! and if S =P(I —R)+1~'R, STx = x for all
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X EW. Hence TS is a p, 2-continuous projection onto F. Q.ED.

Within the proof of Proposition 2.5 is a shifting argument which prevent this
approach from working in the case of /, & /,. The difficulty is actually in the /,
part. Indeed if we let X =[1, :i EN] where the 4,’s are disjoint subsets of
[0, 1], then spaces X, =[1, : n = i] are not uniformly p, 2-isomorphic. Thus
we cannot find the subspaces Z used in the proof by simply gliding out along
the basis.

Qur final result in this section shows us that we can construct p, 2-FDD’s in
“large” subspaces of X,,.

PROPOSITION 2.6. Suppose that X is a p, 2-complemented subspace of X,
and that (Q,) is a sequence of p, 2-continuous finite rank projections on X such
that lim, || Q,x — x ||,,= 0 for all x €X. Then there is a sequence of projec-
tions (Q4) on X such that

(i) @i is p, 2-continuous for each n,

(i) @10 = Qhininm Jor all n and m,

(i) lim, || Qsx —x || =0 forall x€X.

Moreover, if range(Q,) is K p, 2-isomorphic to X} (k(n)= dim range(Q,))
Jor each n, then for any ¢ >0 the sequence (Q,) may be chosen such that
range(Q; — Q) is K(1+ ¢)p, 2-isomorphic to X", where k(n,m)=
dim range(Q;, — Q..).

Proor. First observe that the basis projections (P,) in X, and (P}) in X*
satisfy the hypothesis of Lemma 2.2 where the norms are the p and 2, respec-
tively, g and 2, norms. We will use this to prove the following

CrLamMm. For every B C X and C C X*, finite dimensional, there exists a
p, 2-continuous finite rank projection Q in X with QX D B, Q*X* D C, and
| Q ;2= f(4), where A =sup || @, ||, and range(Q) is (1 + &) p, 2-isomor-
phic to range Q, for some k.

Once this claim is proved the argument follows just as in [LT, p. 206].

To prove the claim, observe that because X is reflexive Q¥ x* — x* for all x*
in (X,| - |,)*and in (X, ] - |,)*. Hence there are convex combinations T} of the
Q,’s, i.e., T, = 2", A¥Q* where A¥ = 0 and I/, A* = 1, such that T, x* — x*
in the norm topology of (X, ] - |,)* for all x*in (X, | - |,)*. Indeed, let (x¥) be a
norm dense sequence in (X, | - |,)* and use Mazur’s Theorem repeatedly to get
such convex combinations for x,j = 1,2, ..., n,forany n. A diagonalization
argument produces the required 7} ’s.



252 D. E. ALSPACH AND N. L. CAROTHERS Isr. J. Math.

If we repeat this argument using the 7,’s and (X, ] - |)* we can find convex
combinations of the T,’s (and therefore of the Q*’s) to get a sequence of
operators (S;) on X* such that for all x*€Y =(X,|-[,)*NX,|-L)*
| S x* — x*|,.—0 for r = p or 2. (| - |,» denotes the dual norm.) Clearly Y is
norm dense in X*, so we have that || Sx* — x* ||, ,— 0 for all x* &€ X*.

We may apply Lemma 2.2 with (P¥), C, and (S;) to get a finite rank operator
Son X*such that Sx* = x*forall x*€Cand || S|, =2sup|} O, ||, Next
apply Lemma 2.2 to (P,), S*(X) + B and (Q,) to get a finite rank projection P
such that P(X) D S*(X)+ Band |Q, — P |,,<d6.LetQ=S*+P—-S*P.Q
is the required projection. Also observe that range(Q) C range(P) and if
g,x = x, then

I Onx = OX 2= | QX = Px |lp2+ | S*T — P)x ||,
S0l xllpat 1SN 1T = P)Cux lip2
S0 +2sup || Qo ll,29) I x [l

Therefore range(Q) = range(P) if J is sufficiently small and Q is a p, 2-
isomorphism from range(Q,) onto its range.

To obtain the moreover assertion assume that we have Qf, Q3,..., Q. _;
and construct Q as above for B = [range(Q,_,), x,] and C = [range(Q¥_)), x*].
Note that by Lemma 2.3 there is a p, 2-complemented subspace Y, of the
ker(Q) N range(Q*), such that Y, is p, 2-isomorphic to range(Q; _,) and there
is a p, 2-bounded projection Q’ onto Y, such that ker Q’ O range(Q). Let
Q.= Q + Q’. Q} is a projection satisfying Q;b = b forallb€EBand Q/* =c¢
for all c€C. Also

range(Q;, — Q;,) = range(Q — 0,,)DY,
~ (range(Q — Q,) D range(Q;_1)),2
~ (range(Q — Q,)Drange(Q;,_, — Q) Drange(Q,,)),,

~ (range(Q) @ range(Q; - — @n))p2
~ (X:(n) b X{;(u - l,m))p’2

which is p, 2-isomorphic to X,. (Here ~ denotes p, 2-isomorphic.) Q.E.D.

Observe that the argument above also proves the following variant of
Proposition 2.6.

PROPOSITION 2.6". Suppose that X is a p, 2-complemented subspace of X,
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and that (Q,) is a sequence of p, 2-continuous finite rank projection on X such
that lim, || Q,x — x ||,, =0 for all x € X. Then there is a sequence of projec-
tions (Q,) on X such that

(i) Q. is p, 2-continuous for each n,

(i) @,Qm = Qninin,m Jor all n and m,

(iii) lim, || @,x —x || =0 forall xE€X.
Moreover if range(Q,) is K p, 2-isomorphic to X¥{),,, for each n, then for any
e >0 the sequence (Q.,) may be chosen such that range(Q;, — Q) is K(1 +¢€)

D, 2-isomorphic to X}, .

3. Applications

In this section we will show that /, and X, are primary without using the
decomposition method. We have completed all of the work except for some
minor technicalities. First we will consider the case of /,.

THEOREM 3.1 (Pelczynski). If X is a complemented subspace of I, and X has
a complemented subspace isomorphic to l,, then X is isomorphic to I,

PrOOF. We use the results of Section 2 but for the case where | - |, is the
same as the | - |, norm. (This is essentially the case of [JRZ].) By Proposition
2.6, X has an FDD (X;) such that for each i <j, =4 _; X, is isomorphic to /7¢-.
According to Theorem 1.1, X has a UFDD (Z;) in which each Z' is isomorphic
to a block of the FDD (X;) of X. Moreover, the UFDD in this case is isomor-
phically an /, sum. Therefore X is isomorphic to an /, sum of /;’s, which is, of
course, isomorphic to /,. Q.E.D.

THEOREM 3.2. ((JO)). If X is a complemented subspace of X, and X has a
complemented subspace isomorphic to X, then X is isomorphic to X,,.

ProofF. This time we will use the results of Section 2 for the case where | - |,
is the L, norm and | - |, is the L, norm. As in [JO] we may assume that X, is
isomorphically embedded in L, and that X is p, 2-complemented in X,.
Because X, is isomorphic to its square we may replace X, by X, @ W and X by
X @ W, where W is another copy of X, in L,[1, 2). In this way we may assume
that X is p, 2-complemented in X, and contains a p, 2-complemented sub-
space which is p, 2-isomorphic to X,. By Proposition 2.6, X has an FDD (X;)
such that for each i <j, Z/_; X; is uniformly p, 2-isomorphic to X;¢7.
According to Theorem 1.1, X has a UFDD (Z;) in which each Z, is p, 2-
isomorphic to a block of the FDD (X;) of X. Moreover, the UFDD in this case
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is a p, 2-sum. Therefore X is isomorphic to X,,. Q.E.D.

In [AEO] it was shown that if X, = Y@ Z then either Y or Z contains a
complemented subspace isomorphic to X,. Therefore we get

CoRrOLLARY 3.3 [JO). X, is primary.

Note that if we use Proposition 2.6’ in the second part of the argument above
and the isomorphic classification of the spaces X, ,,, [R], we get:

ProrosiTION 3.4. IfXisap, 2-complemented subspace of X, ,, and there is
a constant K < oo such that every finite dimensional subspace Y of X is
contained in a finite dimensional subspace Z of X which is K p, 2-complemented
in X and K p, 2-isomorphic to X}'%y,, then X is p, 2-isomorphic to l,, b, I, ® b,
or X,.

Theorem 2.1 is an immediate consequence of this proposition. Also note
that if we use Proposition 2.5 in addition we get the following localization of
Theorem 3.2:

ProposITION 3.5. If X is a p, 2-complemented subspace of X, = X,,, and
there is a constant K < co such that for every n, X contains a finite dimensional
subspace Z which is K p, 2-complemented in X and K p, 2-isomorphic to X},
then X is p, 2-isomorphic to X,,,.

Proposition 3.4 seems to give an approach to the problem of classifying
isomorphically the complemented subspaces of X,. Unfortunately a signifi-
cant improvement in the techniques of construction of FDD’s used here is
needed. Note that Proposition 3.5 is false if the subspaces Z are merely
required to be isomorphic to X} because /, is isomorphic to (Z® X, ),. Also
notice that it follows from the arguments in the previous section that there is a
sequence of commuting finite rank projections on /,, (P,), such that range(P,)
is isomorphic to X ¢! (uniformly in n) and (P,) converges in the strong
operator topology to the identity. The same thing could be done with other £,
spaces. Thus without some special restriction on the operators the finite
dimensional information is of little value in determining the isomorphic
nature of the space.

The same arguments we have used above are applicable to certain com-
plemented subspaces of rearrangement invariant sequence spaces. The main
observation is that if /, is such a space with Boyd indices p, and ¢, and p < p,
and g > gq,, then the disjoint summability criterion is satisfied for the class of
simultaneously weak type (p, p) and (g, q) operators. In order to state our
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results succinctly let us say that an operator on a complemented subspace of
l,is weak type ( p, p) if the composition of the projection with the operator is
weak type (p, p). Using the argument given for X,, we get the following
results.

PROPOSITION 3.6. Suppose that |, is a rearrangement invariant sequence
space with Boyd indices p, and q, and that P is a projection on l, which is weak
type (p, p) and (q, q) for some p < p, and q > q,. If there is a constant K such
that for every n €N range(P) contains a subspace Z which is weak type (p, p)
and (g, q) complemented in I, and is weak type (p, p) and (q, q) isomorphic to
I3 with constants bounded by K, then range(P) is isomorphic to I,.

CoRrOLLARY 3.7. Suppose that |, is a rearrangement invariant sequence
space with Boyd indices p, and q,. If P is a projection on [, which is weak type
(p, p) and (q,q) for some p<p, and q>q,, then either range(P) or
range(] — P) is isomorphic to 1,.

ProoF. The lemma of Casazza and Lin [CL] shows that either range(P) or
range(/ — P) contains a complemented subspace isomorphic to /,. Without
loss of generality assume that it is range(P). Because /, @/, is isometric to /, (the
direct sum is identified with [,(2N)® /,(2N + 1)), we may replace Pby P@Ito
get a weak type (p, p) and (g, q) projection with range containing a weak type
(p, p)and (g, q) complemented subspace which is weak type ( p, p) and (q, q)
isomorphic to /,. Proposition 3.6 completes the proof. Q.E.D.

QuesTioN.  If X is a complemented subspace of /,, is there a subspace Z
of [, which is isomorphic to X and is weak type ( p, p) and (q, ¢) complemented
in [,?

It is conceivable that a complemented subspace of /, can always be reposi-

tioned to be the range of a weak type (p, p) and (g, q) projection. If this were
the case then Corollary 3.7 would imply that /, is primary.
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